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A Property of Projective Ordered Sets 
BENOIT LAROSE 
We show that quasiprojectivity and projectivity are equivalent properties for ordered sets of 
more than two elements. 
1. INTRODUCTION 
An ordered set ~ is said to be n-projective (n >t 2) if the only isotone operations 
f: pn___~p on ~ which are idempotent (i.e. f (p ,p , . . .  ,p )=p for all p in P) are the 
projections; ~ is projective (idempotent trivial) if it is n-projective for all n >i 2. These 
ordered sets were first introduced by E. Corominas [1] in connection with fixed-point 
properties of finite ordered sets. Projective ordered sets also possess interesting 
properties from an algebraic point of view consider an algebra ~¢ = (P;  F), the basic 
operations of which are all isotone for some projective ordered set ~, and let ~(~/) 
denote the variety generated by ~/. Many important properties that the members of 
~(~¢) may have (e.g. congruence-modularity, congruence-distributivity, k-
permutability) are given by identities (Mal'cev conditions) involving idempotent term 
functions. Since the only idempotent operations isotone on ~ are projections, ~(~/) 
cannot satisfy any such condition (see [2, 3, 6]). 
Closely related to projectivity is the concept of tightness or quasiprojectivity (see 
[2]): for n >-2, an operation f :  P~---~P is a quasiprojection (conservative operation) if 
f ( a l ,  . . . , an) E (al . . . .  , an} for all al . . . .  , an in P; an ordered set ~ is said to be 
n-quasiprojective if every idempotent operation f :  P~---~ P isotone on ~ is a quasipro- 
jection, and call ~ quasiprojective (tight) if it is n-quasiprojective for every n >- 2. 
Clearly any n-projective ordered set must be n-quasiprojective; the converse does not 
hold, however, as the two-element chain and antichain are easily seen to be 
2-quasiprojective but not projective. The aim of this paper is to show that, except for 
these, all quasiprojective ordered sets are projective. 
2. PRELIMINARY RESULTS AND DEFINITIONS 
We begin with some terminology. A finite subset F = {al . . . . .  am} of an ordered set 
will be called a fence in ~f rom al to a m if F is a chain of one or two elements, or if 
m/> 3 and the only comparabilities holding between elements of F are ai < a,+l > ai+2 
or a~>a~+l<ai+2 for all i = 1, 2 , . . . ,  m-2 .  If a, b are elements of a connected 
ordered set ~, let d(a, b) denote the usual distance, i.e. the number of edges in a 
minimum-sized fence from a to b in ~. In particular, d(a, b )=0 iff a =b,  and 
d(a, b) = 1 iff a and b are distinct comparable lements of ~. An element a of an 
ordered set ~ is isolated if it is comparable to no element of 3 ~ other than itself. 
We shall say that an ordered set ~ is ramified if it has no isolated elements, and for 
all a, b ~P such that a<b,  there exist al, b~ ~P such that a~ <b and a, a~ are 
incomparable, a <b l  and b, b I a re  incomparable. One verifies easily that for finite 
connected ~, this is equivalent to the original definition (see [1, 5]). The next result is 
contained in Proposition 2.1 of [3]: 
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LEMMA 1. Let ~ be an ordered set with IPI > 2. I f  ~ is 2-quasiprojective, then it is 
connected and ramified. 
M. Pouzet showed that for any n ~> 2, projectivity and n-projectivity are equivalent 
properties for ordered sets (see [5]): it will thus suffice for our needs to consider binary 
operations in what follows. (For a characterization f relational structures that satisfy 
this condition and related results see [7] and also [3]). 
The equivalence of projectivity and quasiprojectivity has already been shown for 
finite ordered sets of more than two elements ([5], see also [4]). The proof relied on 
the fact that the only binary isotone quasiprojections on finite ramified connected 
ordered sets were the two projections. Unfortunately, this does not hold in the general 
case: the infinite fence shown later in Figure 2 is clearly ramified and connected, but 
does admit isotone quasiprojections which are not projections. However, this ordered 
set is not quasiprojective: our main result will be derived from the fact that this fence is 
the only ramified connected ordered set admitting non-trivial binary isotone 
quasiprojections. 
3. MAIN RESULT 
Our first task will be to characterize ramified ordered sets the only binary isotone 
quasiprojections of which are the projections (Theorem 1). We begin with a technical 
lemma. 
DEFINITION. Let ~ be an ordered set. We denote by Ip the subordered set of p2 
whose underlying set is 
Ip = {(x, y) • e2: x l[ Y} 
(where x II Y stands for 'x and y are incomparable in 3~'). 
We also define a binary relation ---> on p2: for any (x,y),  (u, v) EP 2, let 
(x, y)---> (u, v) if either (x, y) <~ (u,v)  and x ~ v or (x, y) i> (u, v) and x ~ v. (Notice 
that (a, b)---> (a, b) iff a II b). Let 0 denote the transitive closure of ---->. For x, y • P, 
we shall write x Cp y whenever x and y are in the same connected component of ~. 
LEMMA 2. For ~ a ramified ordered set, the following are equivalent: 
(1) (a, b) 0 (b, a) for all (a, b) e Ip; 
(2) (a, b) Czp (b, a) for all (a, b) • IF; 
(3) ~ is connected, and there exists (a, b) e 11, such that (a, b) C1~ (b, a); 
(4) Ip is connected. 
PROOF. (Notice first that since ~ is ramified, Ip is non-empty). (1 )~ (2). We show 
that for all (a, b), (c, d) in Ip, 
(a, b) 0 (c, d) ~ (a, b) C,p (c, d). 
Suppose, to the contrary, that there are elements (a, b), (c, d) in Ip such that 
(a, b) 0 (c, d) 
but which are not in the same connected component of Ip; of these, choose a pair with 
an --~ path of minimal length n, say (xo, Yo) -~. . . - -~(x , ,y , ) :  this implies that 
(xi, Yi) e P2\Ip for all i = 1, . . . , n - 1. By duality we may assume (Xo, Y0) < (xl, Yl)- By 
the definition of ~ we have Xo ~ Yl, and since Xl and Yl are comparable and Xo ~< Xa, we 
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have Y12>xa. If (X1, ya) > (x2, Y2), then xl >Yl ~Y2, contradicting the fact that 
(xl, Yl)---* (x2, Y2); thus (Xl, Yl) < (x:, y~), and this implies that x2>y2. Continuing in 
this way for i = 1 , . . . ,  n - 1, we obtain that (x0, Yo) < (X,_l, Yn-1) and xn-1 >Yn-1. 
Now, if (x~-l, Y , -0  > (xn, yn), then x,-1 >Yn-1 >~Yn, contradicting our assumption on 
(xn±D Yn-a) and (x,, yn); thus we obtain that (Xo, Yo) < (xn, y,), a contradiction. 
(2) ~ (3). It clearly suffices to show that condition (2) implies that ~ is connected. 
Let a, b • P. If a and b are comparable, we are done. If not, then by (2) there is a path 
in Ip from (a, b) to (b, a), and obviously the first components of the elements of this 
path constitute a path in ~ from a to b. 
(3) ~ (4). Choose a member (or, fi) of Ie such that (re, fl) CIp (fi, 0[), and let K be its 
connected component in Ie. 
REMARK 1. If (a, b) • K then (b, a) • K: indeed, if H1 is a path in Ip from (a, b) to 
(a', fl), then the set 
H2 = ((x, y): (y, x) • H1} 
is clearly a path in le from (b, a) to (fl, a O. 
We need the following. 
Claim 1. If (a, b), (a, c) • Ie, then (a, b) C~ (a, c) or (b, a) Ct, (a, c). 
PROOF. We proceed by induction on n = d(b, c). If d(b, c) = 1, we are done. If 
d(b, c) = 2, then by duality we may assume there is an x in P with b <x  > c and b II c. 
If a II x, then 
(a, b) ~< (a, x)/> (a, c) 
is a path in Ip from (a, b) to (a, c). If not, then we must have a <x. Since ~ is 
ramified, there exist bl > b and Cl > c in P such that (x, b l )  , (x, Cl) • Ip (see Figure 1). 
Then we have 
(b, a) ~ (bl, x) >>- (b, c) ~ (x, c 0 >~ (a, c), 
so (b, a) (Sip (a, c). 
Now suppose that the statement holds for n I> 2 and let d(b, c) = n + 1; let G be a 
fence from b to c in ~ of length n + 1. By the induction hypothesis, we may assume 
that a is comparable to every x •G other than b and c. 
d(b, a) = 2 = d(c, a), and thus 
(c, d) Cze (c, a) or (b, c) CI~ (c, a), 
(b, c) C,p (b, a) or (c, b) C,, (b, a). 
This implies that 
By Remark 1, we obtain that (a, b) C1~ (a, c) or (b, a) CI, (a, c). 
Claim 2. le ~ K. 
PROOF. Let (c, d) • le. To begin, suppose that cr and c are incomparable. By Claim 
1 and Remark 1, both (04 c) and (c, or) are in the component K. Again by Claim 1, 
either (c, or)Cip (c, d) or (a~, c)CI, (c, d), so (c, d )•  K. By symmetry the remaining 
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FIGURE 1. 
374 B. Larose 
case is that every element of {oc, fl} is comparable to each of {c, d}. By duality we may 
assume that 0c ~< c. Since (c, d) • 1p, we must have oc ~< d, and then (tr, fl) • Ip implies 
that fi ~< d; it follows that (o:,/3) <~ (c, d). 
(4) ~ (1). The proof will follow from the connectedness of/t, and the following fact. 
Claim. For all (a, b), (c, d) • Ip, 
(a, b) CI, (c, d) ~ (a, b) 0 (c, d). 
PROOF. It clearly suffices to show that 
(a, b) 0 (c, d) 
whenever (a, b), (c, d) are comparable in Ip. Let (a, b), (c, d) • Ip such that (a, b) ~< 
(c, d). By definition of--~ we have that 
(a, b)---~ (c, b)--~ (c, d)--~ (a, d)---~ (a, b), 
i.e. (a, b) 0 (c, d) 0 (a, b), and this completes the proof of our claim. [] 
THEOREM 1. Let ~ be an ordered set. Then: 
(a) If  every binary isotone quasiprojection on ~ is a projection, then ~ satisfies 
condition (1) of Lemma 2. 
(b) If ~ is ramified and satisfies one of the equivalent conditions of Lemma 2, then every 
binary isotone quasiprojection on ~ is a projection. 
PROOF. (a) Suppose there exists (a, b) c Ie that does not satisfy condition (1) of the 
last lemma. Define 
A := {(x, y) ce2: (a, b) 0(x, y)}. 
Clearly, (a, b) • A and (b, a) ~ A. Define 
f(x, y)= (x, if (x, y )cA ;  
y, otherwise. 
We have thus constructed a binary operation on P which is a quasiprojection, but not 
a projection since 
f(a, b)=f(b,  a)= a. 
It remains to show that f is isotone for ~. Let (x, y)~< (u, v) in p2. Suppose that 
(x, y) • A. If x ~< v, then f(u, v) c {u, v} implies that f(x, y) = x <~f(u, v); if x ~; v, 
then (x, y)---~ (u, v), so (u, v) c A and f(x, y) = x <~ u =f(u, v). The case (u, v) • A is 
similar. If neither (x, y) nor (u, v) is in A, then 
f(x, y) =y <<-v =f(u, v), 
so f is isotone. 
(b) Assume that ~ is ramified and satisfies the conditions of the last lemma. Let f be 
a binary isotone quasiprojection on ~, and define 
A := {(x, y) cP2: f (x ,  y) =x}. 
(i) We show that if (x, y) cA  and (x, y)---~(u, v) then (u, v) •A.  By duality we may 
assume that (x, y) < (u, v); we then have x =f(x, y) ~f(u,  v); since x ~ v and f is a 
quasiprojection, we must have f(u, v) = u, i.e. (u, v) • A. 
(ii) Let (x, y) • p2 with x :/:y. We show that there exists an (a, b) c Ie such that 
(x, y) 0 (a, b) 0 (x, y). 
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If (x, y) • Ie, then (x, y)---~ (x, y); if x <y, then there exists xl <y  and y~ >x in P such 
that (x, Xl) and (y, Yl) are in Ip. Then 
(x, y)---~ (x, x1)------) (yl, x~)---~ (y,, y ) -*  (x, y), 
so (x, y) 0 (x, xl) 0 (x, y). The case x >y  is treated ually. 
(iii) Let (x, y) and (u, v) be elements of p2 such that x 4: y and u 4: v. By (ii), there 
exist (x', y'), (u', v') • Ie such that 
(x, y) 0 (x', y')  and (u', v') 0 (u, v). 
Since Ip is connected, we may use the claim of Lemma 2, (4) ~ (1), to show that 
(x', y')  0 (u', v') 
and so we have that 
(x, y) 0 (u, v). 
We may now prove that the operation f is a projection. Clearly, the set A contains 
the diagonal 
A := {(x, x) :x • P}. 
If A = A, then f is the second projection. If not, then A contains ome (x, y) • p2 with 
x 4= y ; by (i) and (iii), we must have A = p2, i.e. f is the first projection. 
We may now combine Lemma 1 and Theorem 1 to obtain the following result: if 
is an ordered set with at least three elements, then it is 2-projective iff it is 
2-quasiprojective and satisfies one of the equivalent conditions of Lemma 2. The fact 
that 2-quasiprojective ordered sets with three or more elements atisfy one of the 
conditions of the last lemma will be deduced from the next proposition. 
DEFINITION. The infinite fence F is the ordered set defined on the set of integers Z 
such that n < m iff n is even and m • {n - 1, n + 1} (see Figure 2). The natural order 
of the integers will be denoted in what follows by ~<z, and minz and maxz shall denote 
the minimum and maximum, respectively, for this order. 
Clearly the fence F is ramified and connected, but it admits isotone quasiprojections 
which are not projections; namely, 
f(x, y) := rain(x, y) and g(x, y) := max(x, y) 
Z Z 
(see [5, Lemma 2]). By the last lemma, IF is not connected: in fact it is easy to see that 
the two connected components of IF are 
11 = {(x, y) • Iv: x <zY} 
and 
12 = {(x, y) • Ie: y <zX}. 
-3 -1 I 3 5 
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Furthermore, F is not 2-quasiprojective: define 
mzax(x, y), if (x, y) ~z  (0, 0); 
q~(x, y) = ]n~n(x, y), if (0, O) ~<z (x, y); 
/ 
LO, otherwise. 
Clearly q~ is idempotent but not a quasiprojection (for example, f ( -1 ,  1)= 0); it 
remains to show that @ is isotone on F. Let (x, y) ~ (u, v) in F. If xy <z  0 then, by 
definition of F, we must have uv <~z O, and so 
~(x, y) = 0 = ~(u, v). 
Similarly, if uv <z 0 then xy ~<z 0 and ~(x, y) = 0 = ~(u, v). 
Now suppose that x and y are non-negative and u, v are non-positive. By definition 
of F, if uv 4=0, then x =y  = O; thus u, v 1>0 in F and since O(u, v) ¢ {u, v}, we have 
that 
q~(u, v) >/0 = ~(x, y). 
The argument is similar for the case xy _-is 0; if xy = 0 = uv then q~(x, y) = 0 = q~(u, v). 
The case in which x and y are non-positive and u, v are non-negative is treated in the 
same manner. 
We may now suppose that x, y, u, v are all non-negative or all non-positive. Since 
the operations minz maxz are isotone on F, we are done. 
PROPOSITION 1. Let ~ be a connected ramified ordered set. If le is disconnected, then 
is isomorphic to the infinite fence F. 
PROOF. Notice that 11,-vs f~ since ~ is ramified. By condition (3) of Lemma 2, we 
have (a, b) CI, (b, a) for no (a, b) ~ Ie. 
(a) Suppose there exist a < b < c in ~. Because ~ is ramified, there exist a~ < b < c~ 
with (a, a 0, (c, cl) e Ip; but then we have 
(a, al) < (c, el) > (al, a), 
a contradiction. Thus ~ is of height 1, i.e. every p e P is either maximal or minimal. 
(b) Next, we show that for all a, b ~ P there is a unique fence in ~ from a to b: if 
not, there must be a crown in ~ (see [8, Lemma 4]), i.e. elements {ao, . . . ,  az,-1}, 
(n i> 2) such that the only comparabilities holding between these elements are 
ai_ 1 > ai < ai+l 
where i is even, 0 ~< i ~ 2n - 2 and a2, = ao, a~ = a2,_~ (see Figure 3). 
If n = 2, then (ao, a2) and (al, a3) are in 11. and 
(ao, a2) < (al, a3) > (az, ao), 
a contradiction. If n > 2, then we have 
(ao, a2) < (a l ,  a3) > (a2,  a4) <. - .  > (a2n_4, a2n-2)  < (a2n_3,  a2n- l )  
> (az,-2, ao) < (a2,-3, ao) > ' ' "  < (a3, ao) > (az, a0): 
thus we have a path in Ip from (ao, a2) to (a2, a0), a contradiction. 
(1i ~3 £15 d 2n 3 a2n-I 
f~o U2 f24 U2n 4 ¢/2n 2 
FIGURE 3. 
A property of projective ordered sets 
c3 bl cl ~l 
b2 c2 a a2 
FIGUm~ 4- 
377 
(c) Choose tre P minimal. Since ~ is connected and ramified, there exist al, bl • P 
that cover a~ and such that al II bl. There must also exist a2, b2 • P such that a~ covers 
a2, bl covers b2 and (a6 a2), (a;, b2)• Ip;  by (b) it is clear that (a,, b~)tip for all 
i , j •  {1, 2}. 
Now suppose that there exists an element Cl of P distinct from a 1 and bl that covers 
tr. By the same reasoning, we may find elements c2, c3 • P such that: 
(i) C 1 > C 2 ( C3; 
(ii) (c2, a0, (c3, o0, (ct, ca) • 11,; 
(iii) (ai, Ck), (bj, Ck) • Ip for all i, j • {1, 2} and k • {1, 2, 3} 
(see Figure 4). We obtain a contradiction by constructing a path in Ip from (oc, c3) to 
(c3, o0: 
(t~, C3) < (bl, c3) > (b2, c2) < (b2, cl) > (b2, a~) < (b2, al) > (b2, a2) < (bl, a2) 
> (tr, a2) < (cl, a2) > (c2, a2) < (c3, a2), 
and, finally, 
(c3, a2) < (c3, al) > (c3, 0:). 
We have thus proved that every minimal element of ~ is covered by exactly two 
elements. Dually, every maximal element of ~ covers exactly two elements. 
(d) Consider the comparability graph Gv of ~, i.e. Gp has as vertices the elements of 
P and (a, b) • p2 is an edge of Gv iff a and b are distinct comparable lements of ~. By 
(c), Gv is regular of degree 2, and by (b) it does not contain any cycle; thus Gp is a 
two-way infinite path. It is clear that, up to isomorphism, the only ordered set of height 
1 having Gp as covering graph must be the infinite fence F. [] 
THEOREM 2. Let ~ be an ordered set, IPI >2. Then ~ is projective iff it is 
quasiprojective. 
PROOF. By definition, projective ordered sets are necessarily quasiprojective. If
is quasiprojective and contains at least three elements, then by Lemma 1 it must be 
connected and ramified. Since the infinite fence F is not quasiprojective, Ie must be 
connected, by the proposition. By Theorem 1, ~ must be 2-projective, and as we 
mentioned earlier, this implies that ~ is projective. [] 
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